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Abstract

A flexible strip is attached at its ends to a substrate comprised of two rigid plates connected with a hinge. One end of

the strip is bonded to one of the plates, and the other end to the other plate. Initially the plates are flat and the strip has

an upward (buckled) deflection. The right plate is rotated upward. This problem is motivated by an application of

flexible electronic circuits in automobiles and possible debonding at the contact points with the substrate. The strip is

modeled as an elastica. Equilibrium configurations and corresponding forces and moments are computed. If the system

is symmetric, the strip contacts itself at a point when the rotation is sufficiently large. If the rotation is increased for an

asymmetric system, the strip may jump to a shape having point contact with one of the plates and line contact with the

other. Small vibrations about equilibrium are analyzed. The natural frequencies decrease as the rotation increases. Even

though the strip is inextensible, the second mode has no nodes, and the number of extreme values in its shape increases

as the rotation increases. Forced vibrations are also investigated, and the transmissibility is determined.

� 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Electronic circuits are often printed on flexible strips made of materials such as Mylar� or Kapton�.
Known as flex circuits, these components find applications in many devices, including laptop computers

and hinged electronic panels. In some applications, such as in automobiles, the strip may be bonded at two

points to a substrate which is then folded to become a corner of a box. The strip is compressed and bulges

outward, and there is a possibility of debonding due to high forces and moments. This problem is analyzed

here.
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The geometry is shown in Fig. 1 for the symmetric case. In Fig. 1(a), the two rigid plates comprising the

substrate are horizontal. The strip is bonded to the substrate at its ends and has an initial deflection above

it. The plates are assumed to continue past the bonded ends, which are represented by fixed supports in the

analysis. The ends are at equal distances from the hinge connecting the plates. Then the right plate is
rotated, and the configurations for rotations of p=4 and p=2 are sketched in Fig. 1(b) and (c), respectively.

At a certain larger rotation, the two sides of the strip contact each other at a point (Fig. 1(d)), and if the

rotation is increased further, the sides also touch the plates (Fig. 1(e) with dashed lines denoting the plates

beyond the bonded ends of the strip).

A nonsymmetric case is depicted in Fig. 2, with the hinge closer to the right end of the strip than the left

end. Rotations of p=4, p=2, and 2.36 are shown in Fig. 2(b)–(d), respectively. With further rotation, the

strip may jump to a configuration as shown in Fig. 2(e), which contacts the left plate at a point and is flat

along the upper plate near the clamped end. If the rotation is then increased to another threshold value, an
internal point on the strip also contacts the second plate (Fig. 2(f)). If the rotation is decreased, the con-

figuration of Fig. 2(e) is maintained until a certain rotation is reached, such as shown in Fig. 2(g), and then

the strip jumps off the substrate into a shape with no contact.

The equilibrium problem is formulated in Section 2. The shape of the strip may involve no contact with

the substrate (except at its ends), internal contact of the strip with itself at a point, and contact of the strip
Fig. 1. Equilibrium shapes for symmetric case with b ¼ 0:45 and rotation angle a equal to (a) 0, (b) p=4, (c) p=2, (d) 2.59, (e) 2.91
radians.

Fig. 2. Equilibrium shapes for asymmetric case with b ¼ 0:4 and rotation angle a equal to (a) 0, (b) p=4, (c) p=2, (d) 2.36, (e) 2.37,
(f) 2.50, (g) 0.903 radians.
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with one plate at a point and with the other plate along a line. Numerical results for equilibrium of

symmetric and asymmetric systems are presented in Section 3. In Section 4, free and forced vibrations are

investigated. Motions about the equilibrium configuration are assumed to be small. Finally, concluding

remarks are given in Section 5.
2. Formulation of equilibrium

Similar geometrical configurations arise in other types of problems. One is the blistering of liners inside

cylindrical pipes, due to thermal differentials or external forces. Papers discussing this type of phenomenon

include Li and Guice (1995), Boot and Welch (1996), Chunduru et al. (1996), Omara et al. (1997, 2000),

Berti et al. (1999), Boot (1998), Boot and Naqvi (1998), El-Sawy and Moore (1998), Bakeer et al. (1999),
Croll (2001), Dhar and Moore (2001), El-Sawy (2001, 2002), Th�eepot (2001), Zhao et al. (2001), and Zhu

and Hall (2001). Another related problem is delamination of rings and shells due to bending or compressive

loads. A few related references in this area are Kardomateas (1990, 1993, 1996), Kardomateas and Chung

(1992), Kardomateas and Pelegri (1996), Yin (1996), El-Sayed and Srinivasan (2000), Rasheed and

Tassoulas (2001, 2002), and Yu and Hutchinson (2002).

2.1. Cases with no contact

The substrate and strip are shown in a rotated configuration in Fig. 3, in nondimensional terms. The strip

is assumed to be an elastica, which is thin, flexible, inextensible, unshearable, and unstrained when straight.

It is uniform, with bending stiffness EI, and the bending moment is proportional to the curvature. Its ends

are bonded to the substrate, and therefore fixed (clamped) boundary conditions are assumed. The substrate

is comprised of two rigid plates hinged together along an axis on the plane of the substrate surface. The

weight of the strip, and friction between the strip and the substrate, are neglected. In dimensional terms, the

horizontal force is P , the vertical force is Q, the bending moment is M , the length of the strip is L, the length
of the horizontal plate between the clamped end and the hinge is L� B� D, the length of the rotating plate is
B, the rotation angle of the right plate is a (measured in radians), the coordinates from the left end are X and

Y , the arc length along the strip is S, and the rotation of the strip is h. Since the length of the strip is greater

than the length of the substrate, initially the strip exhibits a buckled shape.

The nondimensional quantities in Fig. 3 are defined as follows:
x ¼ X
L
; y ¼ Y

L
; s ¼ S

L
; b ¼ B

L
; d ¼ D

L
;

Fig. 3. Geometry in nondimensional terms when rotation angle is sufficiently small.
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m ¼ ML
EI

; p ¼ PL2

EI
; q ¼ QL2

EI
ð1Þ
Subscripts A and D on m denote the ends of the strip. The governing equations, based on geometry,

moment–curvature relation, and equilibrium of an element, are
dx
ds

¼ cos h;
dy
ds

¼ sin h;
dh
ds

¼ m;
dm
ds

¼ q cos h� p sin h ð2Þ
The boundary conditions at s ¼ 0 are x ¼ y ¼ h ¼ 0 and m ¼ mA. At s ¼ 1, they are

x ¼ 1� b� dþ b cos a, y ¼ b sin a; h ¼ a, and m ¼ mD. Numerical solutions are obtained in this study using

a shooting method in Mathematica (Wolfram, 1991).

For cases such as those in Figs. 1(a)–(c) and 2(a)–(d), in which the strip is free between its ends (i.e., no

self-contact or contact with the substrate), Eqs. (2) are solved. The quantities b, d, and a are specified, and

the quantities p, q, and mA are varied until numerical integration of Eqs. (2) leads to satisfaction of the first
three boundary conditions at s ¼ 1 with sufficient accuracy.
2.2. Symmetric case with self-contact

In the case of symmetry in Fig. 1(a), i.e., if b ¼ ð1� dÞ=2, self-contact can occur at a point, as shown in

Fig. 4. Similar loops have been analyzed in several papers, including Flaherty and Keller (1973), Wang

(1981), Bottega (1991), and Plaut et al. (1999). Here B denotes the contact point and C denotes the furthest

point on the loop from the hinge along the line connecting B and the hinge (which has angle ðp� aÞ=2 with
each plate). The resultant nondimensional reaction force at A and D is denoted r and is oriented along the

line connecting A and D (which has angle a=2 with the horizontal), so that p ¼ r cosða=2Þ and

q ¼ r sinða=2Þ in Eqs. (2). (For the symmetric case, these relationships also can be used when there is no

contact.)

The resultant force in the loop BC is denoted rBC. It is constant and acts parallel to the vectors r in Fig. 4,

directed upward in the lower branch of the loop and downward in the upper branch. The value of the

bending moment in each branch of the loop at the contact point B is denoted mB, and the bending moment

at C is mC. Using results in Wang (1981), one can show that
ð0:5� dÞmB ¼ 3:027634; mB ¼ 0:96163
ffiffiffiffiffiffiffi
rBC

p
; mC ¼ �1:71018

ffiffiffiffiffiffiffi
rBC

p ð3Þ
From geometry, y tanða=2Þ ¼ b� x at B and C, h ¼ ðpþ aÞ=2 at B, and h ¼ a=2 at C. The section from

A to B has unknown length d. The quantities b and a are specified. Eqs. (2), with the last one replaced by
Fig. 4. Geometry for symmetric case when self-contact occurs.
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dm=ds ¼ r sin½ða=2Þ � h�, are integrated from A to B and from B to C (with r replaced by rBC between B and

C). The quantities r, d, and mA are varied until the known conditions at B and C are satisfied.

If the rotation angle a increases until a point in section BC touches the horizontal plate, as occurs in Fig.

1(e) for the extended horizontal plate, this analysis becomes invalid.

2.3. Asymmetric case with contact of strip and substrate

If the hinge is not equally spaced from the fixed ends A and C, the configuration shown in Fig. 5 may

occur. The section from A to B is the same as a buckled elastica with clamped ends, and has no shear force.

It is convenient to make use of the solution for that section in terms of elliptic integrals (Timoshenko and
Gere, 1961, Plaut et al., 1999):
g ¼ 4½2EðkÞ � KðkÞ�= ffiffiffi
p

p
; a ¼ 4KðkÞ= ffiffiffi

p
p

; mA ¼ mB ¼ 2k
ffiffiffi
p

p ð4Þ
where g is the value of x at B, a is the arc length from A to B, EðkÞ and KðkÞ are complete elliptic integrals of
the first and second kind, respectively, and 0 < k < 1. The associated shape of the strip can be obtained by

solving Eqs. (2) with q ¼ 0.

The shooting method is used with Eqs. (2) from B to C, where p is the same as in section AB since

friction is neglected. The quantities p, q, k, and c (arc length from B to C) are treated as unknowns, and Eqs.

(4) give g, a, and mB in terms of them. At C, the values of x and y can be deduced from Fig. 5, h ¼ a, and
mC ¼ 0 (since section CD has no curvature or moment). In the result, q must be nonnegative for this

configuration to be possible.

At a threshold value of a, the rotating plate makes contact with section AB, as shown in Fig. 2(f), and
this analysis becomes invalid for higher values of a.
3. Equilibrium results

3.1. Symmetric case

Numerical results are presented first for the symmetric case with b ¼ 0:49 (i.e., d ¼ 0:02), b ¼ 0:45
(d ¼ 0:10), and b ¼ 0:40 (d ¼ 0:20). Some configurations when b ¼ 0:45 are depicted in Fig. 1. As the
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rotation angle a is increased from a ¼ 0 for this case, self-contact occurs first when a ¼ 2:59 (Fig. 1(d)), and

contact with the plates is exhibited when a reaches 2.91 (Fig. 1(e)). Results were not computed for a > 2:91.
The corresponding values of a for self-contact and plate contact when b ¼ 0:49 are 2.63 and 2.92, re-

spectively, and when b ¼ 0:40 they are 2.52 and 2.88.
Fig. 6(a) shows how the equal bending moments at the ends of the strip increase as a increases. For

b ¼ 0:49, the moments are equal to 1.78 at a ¼ 0, 7.28 at a ¼ p=2, 12.2 at a ¼ 2:63, and 16.0 at a ¼ 2:92.
For b ¼ 0:45, they are 4.05 at a ¼ 0, 8.31 at a ¼ p=2, 12.3 at a ¼ 2:59, and 16.7 at a ¼ 2:91. On the upper

curve, they are 5.85 at a ¼ 0, 9.47 at a ¼ p=2, 12.6 at a ¼ 2:52, and 17.7 at a ¼ 2:88.
The horizontal and vertical components of the forces in the strip are plotted in Fig. 6(b) for b ¼ 0:45.

For 0 < a < 2:59, these forces are constant along the entire strip. At a ¼ 0, p=2, 2.59, and 2.91, respectively,

the values of p are 41.6, 50.3, 28.5, and 112, and the values of q are 0, 50.3, 99.6, and 941. The curves for

b ¼ 0:49 and 0.40 are not plotted. For b ¼ 0:49, the values of p at a ¼ 0, p=2, 2.63, and 2.92, respectively,
are 39.9, 50.2, 26.3, and 99.4, and the values of q are 0, 50.2, 101, and 885. For b ¼ 0:40, the values of p at

a ¼ 0, p=2, 2.52, and 2.88, respectively, are 43.9, 51.2, 31.5, and 130, and the values of q are 0, 51.2, 97.6,

and 1,010.

For 2:59 < a < 2:91, the forces plotted in Fig. 6(b) are those for the sections from the fixed ends to the

point of self-contact, including the reaction forces. The vertical force component, q, becomes very large in

this region, and the horizontal force component, p, also increases significantly. The reactions at the bonded

ends of the strip are equal to the moments and forces shown in Fig. 6, and can be used to help determine

whether a given strip will remain in equilibrium, or whether the strength of the bonding will be insufficient
and debonding will occur.
3.2. Asymmetric case

The case of b ¼ 0:4 and d ¼ 0:1 was analyzed in detail. The stationary horizontal plate has non-

dimensional length 0.5. Some equilibrium shapes for this case are presented in Fig. 2.

The end moments are plotted in Fig. 7(a). When the right plate is horizontal, these moments are both

equal to 4.05. As the plate is rotated, the moments increase, with mA > mD. At a ¼ p=2, mA ¼ 9:06 and

mD ¼ 7:17. At a ¼ 2:36, where mA ¼ 14:8 and mD ¼ 3:32, the curves exhibit a vertical tangent. The equi-

librium shape with no internal contact (Fig. 2(e)) becomes unstable, and the strip jumps to a state as shown

in Fig. 2(f). The moment mD becomes zero and the moment mA jumps to the value 14.4 on the other solid
Fig. 6. Symmetric case, influence of rotation on: (a) end moments with b ¼ 0:49 ðd ¼ 0:02Þ, b ¼ 0:45 ðd ¼ 0:10Þ, b ¼ 0:40 ðd ¼ 0:20Þ;
(b) forces with b ¼ 0:45 ðd ¼ 0:10Þ.



Fig. 8. Asymmetric case, b ¼ 0:4 and a ¼ p=2, influence of amount of initial buckling on: (a) end moments; (b) forces.

Fig. 7. Asymmetric case with b ¼ 0:4 and d ¼ 0:1, influence of rotation on: (a) end moments; (b) forces.
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curve in Fig. 7(a). If a is increased further, mA increases till the strip contacts the horizontal plate (when a
reaches 2.50), as shown in Fig. 2(f). Higher values of a were not considered.

If the right plate is rotated past a ¼ 2:36 and then is rotated back towards a ¼ 0 (i.e., clockwise), the strip

remains in a shape like that in Fig. 2(e) until a is reduced to 0.903 (shown in Fig. 2(g)). At that time, the

reaction force q at B in Fig. 5 becomes zero, and the strip snaps into a shape having no contact with the

substrate. In Fig. 7(a), mA jumps from the left end of the upper curve (where mA ¼ 10:4) to the lower solid

curve (where mA ¼ 6:35), and mB jumps from zero to the value 5.79 on the dashed curve at that rotation

angle.

The forces in the strip are plotted in Fig. 7(b). They increase as a increases except for q when the vertical
tangent in the figure is approached. At a ¼ 0, p=2, and 2.36, respectively, the values of p are 41.6, 57.6, and

83.7, and the values of q are 0, 42.3, and 54.7. As a passes 2.36, p jumps to 136 and q jumps to 183. If a is

increased further, p decreases and q increases until the configuration in Fig. 2(f) occurs at a ¼ 2:50 with

p ¼ 131 and q ¼ 204. If a is decreased, p increases and then decreases to 143, while q decreases steadily till it
reaches zero, at which point the strip jumps to a no-contact shape with p ¼ 54:8 and q ¼ 27:3.

Results before internal contact occurs were also obtained for other cases, such as b ¼ 0:3 and d ¼ 0:1 (in

which the stationary plate is twice as long as the rotating plate). The forms of the moment and force curves

are similar to those in Fig. 7.
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For asymmetric cases with b ¼ 0:4 and a ¼ p=2 (i.e., the rotating plate is vertical), the effect of the

amount of initial buckling is depicted in Fig. 8, where d ranges from 0 to 0.2 (a symmetric case). As d
increases, the end moments increase, p decreases, and q increases.
4. Small vibrations about equilibrium

First, free vibrations of the strip about its equilibrium configuration are analyzed for cases of no contact

(as in Fig. 3). The nondimensional frequency and time are denoted x and t, respectively. In terms of
dimensional time T and frequency X,
x ¼ XL2

ffiffiffiffiffi
l
EI

r
; t ¼ T

L2

ffiffiffiffiffi
EI
l

s
ð5Þ
where l is the mass per unit length of the strip. In nondimensional terms, the governing equations are given

by Eqs. (2), with ordinary derivatives replaced by partial derivatives, together with
op
os

¼ � o2x
ot2

;
oq
os

¼ � o2y
ot2

ð6Þ
The force components pðs; tÞ and qðs; tÞ are not constant along the strip during motion.

Equilibrium values are denoted with a subscript ‘‘e’’ and mode shapes with a subscript ‘‘d’’ signifying

‘‘dynamic.’’ For vibrations at frequency x, the variables are written in the form
xðs; tÞ ¼ xeðsÞ þ xdðsÞ sinxt; yðs; tÞ ¼ yeðsÞ þ ydðsÞ sinxt; hðs; tÞ ¼ heðsÞ þ hdðsÞ sinxt;
mðs; tÞ ¼ meðsÞ þ mdðsÞ sinxt; pðs; tÞ ¼ pe þ pdðsÞ sinxt; qðs; tÞ ¼ qe þ qdðsÞ sinxt ð7Þ
These expressions are used in Eqs. (2) and (6), then the equilibrium equations are utilized to eliminate

some terms, and finally the equations in the dynamic variables are linearized. This leads to the governing

equations
dxd
ds

¼ �hd sin he
dyd
ds

¼ hd cos he;
dhd
ds

¼ md;
dmd

ds
¼ ðqd � pehdÞ cos he � ðpd þ qehdÞ sin he;
dpd
ds

¼ x2xd;
dqd
ds

¼ x2yd ð8Þ
At s ¼ 0 and s ¼ 1, the boundary conditions on the dynamic variables are xd ¼ yd ¼ hd ¼ 0.

A shooting method is used to obtain the natural frequencies and modes. Since the modal amplitude is

arbitrary, mdð0Þ is specified (for example), and pdð0Þ, qdð0Þ, and x are varied until the boundary conditions

at s ¼ 1 are satisfied, with initial guesses for x chosen in different ranges to obtain several of the lowest

frequencies and corresponding modes.

Results are presented for the symmetric case with b ¼ 0:45 (and hence d ¼ 0:1). Fig. 9 shows how the

lowest three nondimensional natural frequencies vary with the rotation angle a, with 0 < a < p=2. The
frequencies decrease as a increases in this range (i.e., as the right plate is raised from a horizontal position to
a vertical position). At a ¼ 0, these frequencies are x ¼ 43:9, 75.8, and 153.0, while the first three natural

frequencies for a ¼ p=2 are x ¼ 39:3, 49.9, and 66.1.
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Fig. 10 shows the first three modes when a ¼ 0, and Fig. 11 depicts these modes when a ¼ p=2. The
shapes represent the normal displacement of the strip. The first and third modes are anti-symmetric about

the center of the strip, while the second mode is symmetric. Due to inextensibility of the strip, the mode

shape must have the same length as the strip. Therefore it may seem surprising that the second mode has no
nodes. This is possible because the equilibrium configuration has two inflection points. If the strip is

vibrating in the second mode and is above the equilibrium shape, the portions of the mode near the ends are

shorter than the corresponding portions of the equilibrium shape, which can make up for the longer portion

in the middle where the mode passes over the hump. It is also interesting that the second mode has two local
Fig. 10. First three mode shapes when b ¼ 0:45 ðd ¼ 0:1Þ and a ¼ 0.

Fig. 11. First three mode shapes when b ¼ 0:45 ðd ¼ 0:1Þ and a ¼ p=2.

Fig. 9. Influence of rotation on lowest three natural frequencies.



Fig. 12. Influence of forcing frequency on transmissibility when b ¼ 0:45 ðd ¼ 0:1Þ and a ¼ p=2.
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maxima in Fig. 10(b) and three local maxima in Fig. 11(b). The transition between these two configurations

occurs when a is approximately 1.2.

Now forced vibrations are considered. The case a ¼ p=2 is analyzed, with b ¼ 0:45 and d ¼ 0:1 again.

The horizontal plate is given a small, harmonic, vertical motion y0 sinxt, related to the application of a

flexible electronic circuit in a corner of a box and in a moving automobile. A term x2y0 is added to the right

side of the last equation in Eqs. (8). The forcing frequency x is specified, and the quantity md (0) replaces x
as an unknown in the shooting method previously used for free vibrations.

The displacement transmissibility is defined here as the absolute value of the ratio ydð0:5Þ=y0, where the
numerator is the amplitude of the vertical motion (from equilibrium) at the center of the strip. The

transmissibility is plotted in Fig. 12 as a function of the nondimensional forcing frequency x for the range

20 < x < 80. Damping has not been included in the analysis. The spikes are associated with the natural

frequencies of free vibration for this case.
5. Concluding remarks

Postbuckling and vibrations of an elastica have been investigated. The ends of the strip were fixed to a

hinged substrate, and the strip had some initial deflection when the two plates comprising the substrate

were horizontal. One side was then rotated, causing the strip to fold into a postbuckled shape. For a

symmetric system, two sides of the strip contact each other at a certain rotation, and continue to exhibit

point contact for further rotation. For an asymmetric system, after further rotation the strip may snap into

a configuration with point contact along the longer plate and line contact (adjacent to the fixed end) along

the shorter plate. If the rotation is then reduced, the strip remains in this shape until a threshold rotation

angle is reached, and then snaps to a shape having no internal contact with the substrate.
Small free and forced vibrations were analyzed. The lowest natural frequency corresponds to an anti-

symmetric mode. The second mode is symmetric and has no nodes, which is unusual for an inextensible

strip. For the numerical example presented here, the number of local extreme points in the second mode

changes as the rotation changes. As usual, the dynamic response to a harmonic excitation can become large

when the forcing frequency is near one of the natural frequencies.

This analysis was motivated by an application of flexible electronic circuits in automobiles. It also is

related to problems of buckling of liners inside cylinders, and delamination of composite materials. De-

bonding is sometimes predicted with the use of a critical value of the energy release rate G. At the bonded
ends of the strip, the effect of the forces on G is negligible compared to the effect of the bending moment,
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and G is approximately given by M2/(2EIW) where W is the width of the strip (Suo and Hutchinson, 1990,

Papini and Spelt, 2002). The bending moment M can be obtained from results such as shown in Figs. 6(a)

and 7(a), which can then be used to predict whether or not debonding will occur.
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